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Abstract
The objective of this paper is to study some new analytical properties of credibility functions.
We ¯rst discuss the continuity of credibility functions, and establish the su±cient and necessary
conditions for the right continuity and left continuity of credibility functions. Furthermore, we
study the absolute continuity of credibility functions and obtain some su±cient conditions for
the absolute continuity of credibility functions. The results obtained in this paper are useful in
fuzzy optimization theory. c ° 2007 World Academic Press, UK. All rights reserved.
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1 Introduction
Possibility measure was proposed by Zadeh [16] in 1978 to measure a fuzzy event. Since then,
possibility theory has been studied by many researchers [1, 3, 15], and become a useful tool to deal
with possibilistic uncertainty. Many successful applications of possibility theory can be found in
the ¯eld of fuzzy optimization [2, 7, 12, 14]. In addition, a self-dual set function, called credibility
measure was presented by Liu and Liu [9] based on possibility measure, which can be regarded as
the counterpart of probability measure in fuzzy decision systems. Based on credibility measure,
an axiomatic approach, called credibility theory [6, 8], was studied extensively. From a measure-
theoretic viewpoint, credibility theory provides a theoretical foundation for fuzzy programming [5,
10, 11], just like the role of probability theory in stochastic programming [4].
It is known that, in probability theory, the probability distribution function of a random variable
X, F(x) = PrfX · xg, is a right continuous function. However, in credibility theory, since credibility
measure is nonadditive, the credibility function of a fuzzy variable », ©L(x) = Crf» · xg, is
neither left continuous nor right continuous [6]. In many fuzzy programming problems [5, 10, 11],
their objective functions and constraints consist of credibility functions and critical value functions
which actually are the inverse functions of credibility functions, the continuity of objective and
constraints may be useful in solving these programming problems. Therefore, to study the continuity
of credibility functions will be a meaningful work in both theory and practice.
On the other hand, recall that in probability theory, a random variable X is continuous if and
only if the probability distribution function of X is absolutely continuous, which can be written as
F(x) =
Z x
¡1
f(t)dt;
where f(x) is the probability density function of X. However, in credibility theory, we don't have
the result as above. Let's see an example given by Liu [6]. Assume » is a continuous fuzzy variable
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(i.e., possibility distribution is continuous) with the following possibility distribution is de¯ned by
¹(x) =
8
> <
> :
g(x); if x 2 [0;1]
g(2 ¡ x); if x 2 (1;2]
0; otherwise
where g(x) is the Cantor function de¯ned on [0;1]. It is easy to check that the credibility function
©L(x) = Crf» · xg is a singular function. Therefore, the credibility density function does not exist.
That is ©(x) is not absolutely continuous. This example shows that the credibility function does
not necessarily absolutely continuous even though the fuzzy variable is continuous.
Motivated by these considerations, the purpose of this paper is to investigate the continuity
of credibility functions and to establish the conditions for the absolute continuity of credibility
functions.
The paper is organized as follows. Section 2 recalls some basic concepts in credibility theory. In
Section 3, we discuss the continuity of credibility functions. Section 4 studies the absolute continuity
of credibility functions. Finally, a brief summary is drawn in Section 5.
2 Basic Concepts
Given a universe ¡, let Pos be a set function de¯ned on P(¡). The set function Pos is said to be a
possibility measure if it satis¯es the following conditions
(P1) Pos(;)=0, and Pos(¡) = 1;
(P2) Pos(
S
i2I Ai) = supi2I Pos(Ai) for any subclass fAi j i 2 Ig of P(¡), where I is an arbitrary
index set.
By the de¯nition of possibility measure, we know it is a lower continuous set function. Based on
possibility measure, a self-dual set function Cr, called credibility measure, was formally de¯ned as
follows:
De¯nition 2.1 ([9]) Let A be a subset of ¡. The credibility measure of A, denoted Cr(A), is de¯ned
as
Cr(A) =
1
2
(1 + Pos(A) ¡ Pos(Ac)) (1)
where Ac is the complement of A.
A credibility measure has the following properties:
(Cr1) Cr(;)=0, and Cr(¡) = 1.
(Cr2) Monotonicity: Cr(A) · Cr(B) for all A;B ½ ¡ with A ½ B.
(Cr3) Self-duality: Cr(A) + Cr(Ac) = 1 for all A ½ ¡.
(Cr4) Subadditivity: Cr(A [ B) · Cr(A) + Cr(B) for all A;B ½ ¡.
A function » : ¡ ! < is said to be a fuzzy variable de¯ned on ¡ [6]. For any x 2 <; the possibility
Posf° 2 ¡ j »(°) = xg is said to be the possibility distribution of the fuzzy variable », denoted by ¹.
Let » be a fuzzy variable with possibility distribution ¹. Then we say » is right continuous [resp.,
left continuous, upper semicontinuous or lower semicontinuous] i® ¹ is right continuous [resp., left
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Furthermore, the possibility of the event f» ¸ xg is given by
Posf» ¸ xg = sup
t¸x
¹(t); (2)
and from De¯nition 2.1, the credibility of f» ¸ xg is given by
Crf» ¸ xg =
1
2
(1 + Posf» ¸ xg ¡ Posf» < xg): (3)
Using credibility measure, the credibility function is de¯ned as follows.
De¯nition 2.2 ([6]) Let » be a fuzzy variable de¯ned on ¡. The credibility function of » is de¯ned
by
©L(x) = Crf° 2 ¡ j »(°) · xg (4)
or
©U(x) = Crf° 2 ¡ j »(°) ¸ xg (5)
for every x 2 <.
3 The Continuity of Credibility Functions
Before studying the properties of credibility functions, in this section, we ¯rst discuss the properties
of possibility functions.
3.1 The Continuity of Possibility Functions
Proposition 3.1 Let » be a fuzzy variable with possibility distribution ¹(x). Then for any x 2 <,
we have
(1) If ¹(x) is right continuous, then Posf» > xg = Posf» ¸ xg.
(2) If ¹(x) is left continuous, then Posf» < xg = Posf» · xg.
Proof. We use a proof by contradiction. Suppose
Posf» ¸ xg = ¹(x) _ Posf» > xg > Posf» > xg:
Then we have
¹(x) > Posf» > xg;
which implies there exists a positive number "0 such that ¹(x) > Posf» > xg + "0. Therefore, by
Posf» > xg = supt>x ¹(t), for any ± > 0, when t is a point such that 0 < t ¡ x < ±, we have
¹(x) > ¹(t) + "0, which is a contradiction with the right continuity of ¹(x). The proof is complete.
Proposition 3.2 Let » be a lower semicontinuous fuzzy variable. Then for any x 2 <,
(1) Posf» < xg = Posf» · xg, and
(2) Posf» > xg = Posf» ¸ xg.188 S. Wang et al.: On the Continuity and Absolute Continuity of Credibility Functions
Proof. We use a proof by contradiction. Suppose
Posf» · xg = ¹(x) _ Posf» < xg > Posf» < xg:
Then we have
¹(x) > Posf» < xg;
which deduces there is a positive number "0 such that ¹(x) > Posf» < xg + "0. Furthermore, by
Posf» < xg = supt<x ¹(t), for any ± > 0 with 0 < x ¡ t < ±, one has ¹(x) > ¹(t) + "0, which is a
contradiction with the lower semicontinuity of ¹(x). The proposition is proved.
Proposition 3.3 For any fuzzy variable » we have
(1) Posf» < xg is left continuous, and
(2) Posf» > xg is right continuous.
Proof. We are to prove for any x 2 < and any sequence f"ng with "n # 0 the following limit
lim
n!1Posf» < x ¡ "ng = Posf» < xg
holds. Since for any f"ng, "n # 0, we have f» 2 (¡1;x ¡ "n)g " f» 2 (¡1;x)g. It follows from the
lower semicontinuity of Pos that
lim
n!1Posf» < x ¡ "ng = Pos
Ã 1 [
n=1
f» 2 (¡1;x ¡ "n)g
!
= Posf» < xg:
The proof is complete.
Corollary 3.1 For any fuzzy variable », we have
(1) If » is a left continuous fuzzy variable, then Posf» · xg is left continuous.
(2) If » is a right continuous fuzzy variable, then Posf» ¸ xg is right continuous.
(3) If » is a lower semicontinuous fuzzy variable, then Posf» · xg is left continuous and Posf» ¸ xg
is right continuous.
Proof. From assertions (2) in Proposition 3.1 and (1) in Proposition 3.3, we can obtain the assertion
(1) immediately. The assertion (2) is obvious from assertions (1) in Proposition 3.1 and (2) in
Proposition 3.3. We now prove assertion (3), on one hand, by assertion (1) in Proposition 3.2 and
assertion (1) in Proposition 3.3, we get Posf» · xg is left continuous; on the other hand, assertions
(2) in Proposition 3.2 and (2) in Proposition 3.3 imply that Posf» ¸ xg is right continuous.
Proposition 3.4 Let » be a fuzzy variable. Then
(1) Posf» · xg is right continuous provided » is right continuous;
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Proof. For assertion (1), it su±ces to prove for any x0 2 <, Posf» · xg is right continuous at x0
provided ¹(x) is right continuous. In fact, for any " > 0, there is ± > 0 such that j¹(x)¡¹(x0)j < "=2
whenever 0 < x ¡ x0 < ±. Thus for all x with 0 < x ¡ x0 < ±, we have
jPosf» · xg ¡ Posf» · x0gj = jPosf» · x0g _ Posfx0 < » · xg ¡ Posf» · x0gj:
If Posfx0 < » · xg · Posf» · x0g, then
jPosf» · xg ¡ Posf» · x0gj = 0:
If Posfx0 < » · xg > Posf» · x0g, then, by Posfx0 < » · xg = supx0<t·x ¹(t), for the above " > 0,
there exists t0 2 (x0;x] such that
Posf» · x0g < Posfx0 < » · xg < ¹(t0) +
"
2
< ¹(x0) + " · Posf» · x0g + ";
which implies
jPosf» · xg ¡ Posf» · x0gj < ":
It follows that Posf» · xg is right continuous.
Proposition 3.5 Let » be an upper semicontinuous fuzzy variable. Then we have
(1) Posf» · xg is right continuous, and
(2) Posf» ¸ xg is left continuous.
Proof. To prove that Posf» · xg is right continuous, it su±ces to show that for any x0 2 <,
Posf» · xg is right continuous at x0 provided ¹(x) is upper semicontinuous. In fact, for any " > 0,
there is ± > 0 such that ¹(x) < ¹(x0)+"=2 whenever jx¡x0j < ±. Thus, as 0 < x¡x0 < ±, we have
jPosf» · xg ¡ Posf» · x0gj = jPosf» · x0g _ Posfx0 < » · xg ¡ Posf» · x0gj:
If Posfx0 < » · xg · Posf» · x0g, then
jPosf» · xg ¡ Posf» · x0gj = 0:
If Posfx0 < » · xg > Posf» · x0g, then, by Posfx0 < » · xg = supx0<t·x ¹(t), for above " > 0,
there exists t0 2 (x0;x] such that
Posf» · x0g < Posfx0 < » · xg < ¹(t0) +
"
2
< ¹(x0) + " · Posf» · x0g;
which implies
jPosf» · xg ¡ Posf» · x0gj < ":
It follows that Posf» · xg is right continuous.
Remark 3.1 For Propositions 3.1, 3.2, 3.3, 3.4 and 3.5, we only prove the ¯rst assertion, the second
one can be proved in a similar way.
Proposition 3.6 Let » be a fuzzy variable with the possibility distribution ¹(x). Then Posf» · xg
is left continuous at x0 if and only if ¹(x0) · supt<x0 ¹(t)190 S. Wang et al.: On the Continuity and Absolute Continuity of Credibility Functions
Proof. Su±ciency: Since ¹(x0) · supt<x0 ¹(t) = Posf» < x0g, we have
Posf» < x0g = Posf» · x0g:
For any sequence f"ng, "n # 0, one has
f» · x0 ¡ "ng " f» < x0g;
and
Pos
Ã 1 [
n=1
f» · x0 ¡ "ng
!
= Posf» < x0g:
That is
lim
x!x0¡Posf» · xg = Posf» < x0g = Posf» · x0g:
The su±ciency of the proposition is proved.
Necessity: We use a proof by contradiction. Suppose ¹(x0) > supt<x0 ¹(t) = Posf» < x0g. Then
Posf» < x0g < Posf» · x0g:
Since for the above sequence f"ng, we have
Pos
Ã 1 [
n=1
f» · x0 ¡ "ng
!
= Posf» < x0g:
It follows from the supposition that
lim
x!x0¡Posf» · xg = Posf» < x0g < Posf» · x0g;
which is a contradiction with the left continuity of Posf» · xg at x0. The necessity is proved.
Similarly, for the possibility function Posf» ¸ xg, we have the following result.
Proposition 3.7 Let » be a fuzzy variable. Then Posf» ¸ xg is right continuous at x0 if and only
if ¹(x0) · supx>x0 ¹(x):
3.2 The Continuity of Credibility Functions
The intent of this subsection is to study the continuity of credibility functions. We will show that
under some wild conditions, the credibility function of a fuzzy variable is right continuous, left
continuous and continuous, respectively.
Theorem 3.1 Let » be a fuzzy variable with the possibility distribution ¹(x). Then the credibility
function ©L(x) is right continuous at x0 2 < if and only if the following inequality
limsup
t!x0+
¹(x) · sup
x·x0
¹(x)
holds.
Proof. Su±ciency: On the one hand, if
limsup
x!x0+
¹(x) = inf
±>0
sup
0<x¡x0<±
¹(x) · Posf» · x0g = sup
x·x0
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then for any " > 0, there is an ´ > 0 such that
sup
0<x¡x0<´
¹(x) ¡ " < inf
±>0
sup
0<x¡x0<±
¹(x) · Posf» · x0g:
Thus, for all x with 0 < x ¡ x0 < ´, we have
Posfx0 < » · xg ¡ " · sup
0<x¡x0<´
¹(x) ¡ " < Posf» · x0g;
which implies
Posf» · x0g · Posf» · xg < Posf» · x0g + ";
i.e.,
jPosf» · xg ¡ Posf» · x0gj < ":
It follows that Posf» · xg is right continuous at x0.
On the other hand, Posf» > xg is right continuous from assertion (2) in Proposition 3.3. It
follows that
©L(x) =
1
2
(1 + Posf» · xg ¡ Posf» > xg)
is also right continuous at x0. The su±ciency is proved.
Necessity: Let ©L(x) be right continuous at x0. By assertion (2) in Proposition 3.3 and
Posf» · xg = 2©L(x) + Posf» > xg ¡ 1;
we know that Posf» · xg is also right continuous at x0. Suppose
sup
x·x0
¹(x) < limsup
x!x0+
¹(x) = inf
±>0
sup
0<x¡x0<±
¹(x):
Then there is a "0 > 0 such that
inf
±>0
sup
0<x¡x0<±
¹(x) > Posf» · x0g + 2"0;
which implies for any ± > 0, we have
sup
0<x¡x0<±
¹(x) > Posf» · x0g + 2"0:
Thus, for the above given "0 and any ± > 0, there is x¤
± 2 (x0;x0 + ±) such that
¹(x¤
±) + "0 > sup
0<x¡x0<±
¹(x) > Posf» · x0g + 2"0:
As a consequence,
Posfx0 < » · x¤
±g ¸ ¹(x¤
±) > Posf» · x0g + "0;
and
Posf» · x¤
±g ¸ Posfx0 < » · x¤
±g > Posf» · x0g + "0;
which is a contradiction with the right continuity of Posf» · xg at x0. Therefore, we can obtain
limsup
x!x0+
¹(x) · sup
x·x0
¹(x):
The necessity is proved.192 S. Wang et al.: On the Continuity and Absolute Continuity of Credibility Functions
Corollary 3.2 If fuzzy variable » is right continuous or upper semicontinuous, then the credibility
function ©L(x) is right continuous.
Proof. Assume ¹(x) is the possibility distribution of fuzzy variable ». On the one hand, by the
de¯nition of the right continuity of ¹(x), we can deduce the following inequality
limsup
t!x+
¹(t) = ¹(x) · sup
t·x
¹(t) (6)
holds for any x 2 <:
On the other hand, the upper semicontinuity of ¹(x) implies the following inequality
limsup
t!x+
¹(t) · limsup
t!x
¹(t) · ¹(x) · sup
t·x
¹(t) (7)
holds for any x 2 <:
Thus, by Theorem 3.1, Eq.(6) and Eq.(7) implies the desired result.
Theorem 3.2 If fuzzy variable » is both left continuous and lower semicontinuous, then the credi-
bility function ©L(x) is left continuous.
Proof. If ¹(x) is left continuous, then it follows from the assertion (2) in Corollary 3.1 that
Posf» · xg is left continuous. By (2) in Proposition 3.4, we know that Posf» ¸ xg is left continuous,
and by (2) in Proposition 3.2, Posf» > xg is left continuous. Consequently, it follows from
©L(x) =
1
2
(1 + Posf» · xg ¡ Posf» > xg)
that ©L(x) is also left continuous. The proof of the theorem is complete.
Theorem 3.3 Let » be a fuzzy variable with the possibility distribution ¹(x). Then credibility func-
tion ©U(x) is left continuous at x0 2 < if and only if inequality
limsup
x!x0¡
¹(x) · sup
x¸x0
¹(x)
holds.
Proof. Su±ciency: On one hand, if
limsup
x!x0¡
¹(x) = inf
±>0
sup
0<x0¡t<±
¹(t) · sup
x¸x0
¹(x) = Posf» ¸ x0g;
then for any " > 0, there exists ´ > 0 such that
sup
0<x0¡t<´
¹(t) ¡ " < inf
±>0
sup
0<x0¡t<±
¹(t) < Posf» ¸ x0g:
Therefore, for all x with 0 < x0 ¡ x < ´, we have
Posfx · » < x0g ¡ " · sup
0<x0¡x<´
¹(x) ¡ " < Posf» ¸ x0g;
which implies
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i.e.,
jPosf» ¸ xg ¡ Posf» ¸ x0gj < ":
It follows that Posf» ¸ xg is left continuous at x0.
On the other hand, noting that Posf» < xg is left continuous, we have
©U(x) =
1
2
(1 + Posf» ¸ xg ¡ Posf» < xg)
is also left continuous. The su±ciency is proved.
Necessity: Let ©U(x) be left continuous. It follows from the assertion (1) in Proposition 3.3 and
Posf» ¸ xg = 2©U(x) + Posf» < xg ¡ 1:
that Posf» ¸ xg is left continuous. Suppose
Posf» ¸ x0g = sup
x¸x0
¹(x) < limsup
x!x0¡
¹(x) = inf
±>0
sup
0<x0¡x<±
¹(x):
Then there is a "0 > 0 such that
inf
±>0
sup
0<x0¡x<±
¹(x) > Posf» ¸ x0g + 2"0;
which implies for any ± > 0, we have
sup
0<x0¡x<±
¹(x) > Posf» ¸ x0g + 2"0:
Thus, for the above "0 , there exists x¤
± 2 (x0 ¡ ±;x0) such that
¹(x¤
±) + "0 > sup
0<x0¡x<±
¹(x) > Posf» ¸ x0g + 2"0:
As a consequence,
Posfx¤
± · » < x0g ¸ ¹(x¤
±) > Posf» ¸ x0g + "0;
and
Posf» ¸ x¤
±g ¸ Posfx¤
± · » < x0g > Posf» ¸ x0g + "0;
which is a contradiction with the left continuity of Posf» ¸ xg at x0. Thus, we deduce
limsup
x!x0¡
¹(x) · sup
x¸x0
¹(x):
The necessity is proved.
Corollary 3.3 If fuzzy variable » is left continuous or upper semicontinuous, then the credibility
function ©U(x) is left continuous.
Proof. The proof is similar to that of Corollary 3.2.
Theorem 3.4 If fuzzy variable » is both right continuous and lower semicontinuous, then the cred-
ibility function ©U(x) is right continuous.
Proof. Since ¹(x) is right continuous, it follows from assertion (3) in Corollary 3.1 that Posf» ¸ xg
is right continuous. By (1) in Proposition 3.4, we deduce that Posf» · xg is right continuous; by
assertion (1) in Proposition 3.2, we know Posf» < xg is right continuous. Therefore, by Eq. (3),
©U(x) is right continuous. The proof of the theorem is complete.194 S. Wang et al.: On the Continuity and Absolute Continuity of Credibility Functions
Theorem 3.5 For any fuzzy variable » we have
©L(x) = Crf» < xg (8)
and
©U(x) = Crf» > xg (9)
hold except on an at most countable subset of <.
Moreover, if » is a lower semicontinuous fuzzy variable, then Eq. (8) and Eq. (9) hold for every
x 2 <.
Proof. We now prove ©U(x) = Crf» > xg e.c.. Since both ©U(x) and Crf» > xg are monotone
and bounded functions on <, the discontinuity set of ©U(x) or Crf» > xg is at most countable. To
prove ©U(x) = Crf» > xg e.c., it su±ce to prove Eq.(9) hold on the continuity set of ©U(x) and
Crf» > xg.
Let x0 2 < be a continuity point of ©U(x) and Crf» > xg. On one hand, If ©U(x) = Crf» ¸
x0g · 1=2, then Crf» > x0g · 1=2. It follows from the continuity of ©U(x) at x0 and the lower
continuity of possibility measure that
©U(x0) = lim
n!1©U(x0 + "n) =
1
2
lim
n!1(Posf» ¸ x0 + "ng)
=
1
2
Pos
Ã 1 [
n=1
f» ¸ x0 + "ng
!
=
1
2
Posf» > x0g = Crf» > x0g;
where f"ng is a nonincreasing sequence of positive numbers which converges to 0.
On the other hand, if ©U(x) = Crf» ¸ x0g > 1=2, then for any sequence f"ng # 0, we have
Crf» > x0 ¡ "ng ¸ Crf» ¸ x0g. By the continuity of Crf» > xg at x0, we have
Crf» > x0g = lim
n!1Crf» > x0 ¡ "ng ¸ Crf» ¸ x0g >
1
2
:
Moreover, Combining the continuity of Crf» > xg at x0 and the lower continuity of possibility
measure gives
Crf» > x0g = lim
n!1Crf» > x0 ¡ "ng = 1 ¡
1
2
lim
n!1(Posf» · x0 ¡ "ng)
= 1 ¡
1
2
Pos
Ã 1 [
n=1
f» · x0 ¡ "ng
!
= 1 ¡
1
2
Posf» < x0g
= Crf» ¸ x0g = ©U(x0):
As a consequence, we obtain ©U(x) = Crf» > xg on the continuity set of ©U(x) and Crf» > xg.
Similarly, we can prove Eq.(8) holds on the continuity set of ©L(x) and Crf» < xg. The ¯rst part
of the theorem is proved.
For the lower semicontinuous fuzzy variable »,we only prove ©L(x) = Crf» < xg, the equality
©U(x) = Crf» > xg can be proved similarly. By the assertions (1) and (2) in Proposition 3.2, for
any x 2 <, we have
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Since
©L(x) =
1
2
(1 + Posf» · xg ¡ Posf» > xg)
=
1
2
(1 + Posf» < xg ¡ Posf» ¸ xg)
= Crf» < xg;
the desired result is valid. The proof of the theorem is complete.
Theorem 3.6 Let » be a lower semicontinuous fuzzy variable with the possibility distribution ¹(x).
If
limsup
x!x0+
¹(x) · sup
x·x0
¹(x);
and
limsup
x!x0¡
¹(x) · sup
x¸x0
¹(x);
then the credibility functions ©L(x) and ©U(x) are all continuous at x0.
Proof. We only prove ©L(x) is continuous at x0, the assertion for ©U(x) can be proved similarly.
Since » is a lower semicontinuous fuzzy variable, by Theorem 3.5, for every x 2 <, we have
©L(x) = Crf» < xg = 1 ¡ ©U(x): (10)
On one hand, since limsupx!x0+ ¹(x) · supx·x0 ¹(x), by Theorem 3.1, we get ©L(x) is right
continuous at x0.
On the other hand, since limsupx!x0¡ ¹(x) · supx¸x0 ¹(x), we obtain ©U(x) is left continuous
at x0 from Theorem 3.3. Thus, by Eq. (10), ©L(x) = 1 ¡ ©U(x) is continuous at x0. The proof of
the theorem is complete.
Example 3.1 Let » be a fuzzy variable with the following possibility distribution
¹(x) =
8
> > > > > <
> > > > > :
3
4; if x · 0
¡1
8x + 3
4; if 0 < x < 2
1
4; if x = 2
1
3x ¡ 1
3; if 2 < x · 4
1; if x > 4:
Since ¹(x) is lower semicontinuous,
limsup
x!2+
¹(x) =
1
3
< sup
x·2
¹(x) =
3
4
;and limsup
x!2¡
¹(x) =
1
2
< sup
x¸2
¹(x) = 1;
by Theorem 3.6, both ©L(x) and ©G(x) are continuous at x = 2.
4 The Absolute Continuity of Credibility Functions
In this section, we will establish the conditions that the credibility functions are absolutely contin-
uous. First of all, since the credibility function ©L is a nondecreasing and bounded nonnegative
function on <, according to the absolute continuity of a real function, we can obtain the following
general result.196 S. Wang et al.: On the Continuity and Absolute Continuity of Credibility Functions
Theorem 4.1 Let » be a fuzzy variable with the credibility function ©L(x). If ©L(x) is continuous
on <, and ©0
L(x) exists e.c. on <, and limx!¡1 ©L(x) = 0, then ©L(x) is absolutely continuous on
< , and
©L(x) =
Z x
¡1
©0
L(t)dt
for any x 2 <, where ©0
L(x) is integrable on <.
Proof. Since ©L(x) is nondecreasing on <, for every a > 0, ©0
L(x) is Lebesgue integrable on [¡a;a].
By the supposition, we know that for any x 2 [¡a;a],
©L(x) =
Z x
¡a
©0
L(t)dt + ©L(¡a):
Letting a ! 1, we have
©L(x) = lim
a!1
Z x
¡a
©0
L(t)dt
for any real x since ©L(¡a) ! 0. However, noting that
©0
L(x) ¸ 0 and ©0
L(x)I(¡n;n) " ©0(x)
for all x 2 <, By the Lebesuge monotone convergence theorem, we obtain
Z 1
¡1
©0
L(t)dt =
Z 1
¡1
lim
n!1©0
L(t)I(¡n;n)dt
= lim
n!1
Z 1
¡1
©0
L(t)I(¡n;n)dt
= lim
n!1
Z n
¡n
©0
L(t)dt
= lim
n!1V n
¡n©L · 1
where IA is the characteristic function of set A, and V n
¡n©L is the total variation of ©L on [¡n;n].
Therefore, ©0
L(x) is Lebesuge integrable on <. Since
©L(x) = lim
n!1
Z x
¡n
©0
L(t)dt = lim
n!1
Z x
¡1
©0
L(t)I(¡n;1)dt;
the Lebesgue monotone convergence theorem implies
©L(x) =
Z x
¡1
©0
L(t)dt;
and ©L(x) is absolutely continuous on <. The proof of the theorem is complete.
In the following, we will establish the conditions on the possibility distribution that the credibility
function ©L is absolutely continuous. In the following propositions, we always assume that » is the
considered fuzzy variable with possibility distribution ¹(x). In addition, we denote the right and
left derivative of possibility function Posf» · xg at x0 by PL
0
+(x0) and PL
0
¡(x0), respectively; and,
the right and left derivatives of possibility function Posf» ¸ xg at x0 are denoted by PU
0
+(x0) and
PU
0
¡(x0), respectively.Journal of Uncertain Systems, Vol.1, No.3, pp.185-200, 2007 197
Proposition 4.1 Suppose ¹(x) is continuous at x0 2 < and there is ±0 > 0 such that ¹(x) is
monotone on (x0;x0 + ±0). If the right derivative of ¹(x) at x0 (i:e:;¹0
+(x0)) exists, then the right
derivative of Posf» · xg at x0 also exists, and
PL
0
+(x0) =
(
¹0
+(x0); if supx·x0 ¹(x) = ¹(x0) and ¹0
+(x0) > 0
0; otherwise.
Proof. On the one hand, if supx·x0 ¹(x) > ¹(x0), then the continuity of ¹(x) at x0 implies
Posf» · x0g > Posfx0 · » · x0 + hg
for any small number h > 0. Therefore,
PL
0
+(x0) = lim
h!0+(Posf» · x0 + hg ¡ Posf» · x0g)=h
= lim
h!0+(Posf» · x0g _ Posfx0 · » · x0 + hg ¡ Posf» · x0g)=h
= 0:
On the other hand, if supx·x0 ¹(x) = ¹(x0), we consider in the following the cases ¹0
+(x0) > 0,
¹0
+(x0) < 0 and ¹0
+(x0) = 0, respectively.
For the case ¹0
+(x0) > 0, it follows from the de¯nition of ¹0
+(x0) that ¹(x0) < ¹(x0 + ´) for any
small number ´ > 0. Then the assumptions imply that ¹(x) is nondecreasing on [x0;x0+±0). Hence
PL
0
+(x0) = lim
h!0+(Posf» · x0 + hg ¡ Posf» · x0g)=h
= lim
h!0+(Posf» · x0g _ Posfx0 · » · x0 + hg ¡ Posf» · x0g)=h
= lim
h!0+(¹(x0 + h) ¡ ¹(x0))=h = ¹0
+(x0):
For the case ¹0
+(x0) < 0, the de¯nition of ¹0
+(x0) implies there is ´ > 0 such that ¹(x) · ¹(x0)
for any x 2 [x0;x0 + ´), i.e., ¹(x0) = Posfx0 · » < x0 + ´g. Thus
PL
0
+(x0) = lim
h!0+(Posf» · x0 + hg ¡ Posf» · x0g)=h
= lim
h!0+(¹(x0) ¡ ¹(x0))=h = 0:
Finally, if ¹0
+(x0) = 0, by the analysis of the two cases mentioned above, we can always obtain
PL
0
+(x0) = 0.
Combining the above gives
PL
0
+(x0) =
(
¹0
+(x0); if supx·x0 ¹(x) = ¹(x0) and ¹0
+(x0) > 0
0; otherwise.
The theorem is proved.
Proposition 4.2 Assume that ¹(x) is continuous at x0 and there is ±0 > 0 such that ¹(x) is
monotone on (x0 ¡ ±0;x0). If the left derivative of ¹(x) at x0 exists, then the left derivative of
Posf» · xg at x0 also exists, and
PL
0
¡(x0) =
(
¹0
¡(x0); if supt·x ¹(t) < ¹(x0) for any x < x0
0; otherwise.198 S. Wang et al.: On the Continuity and Absolute Continuity of Credibility Functions
Proof. If supx·x0 ¹(x) > ¹(x0), by the continuity of ¹(x) at x0, there is ´ > 0 such that
Posf» · x0 ¡ ´g = Posf» · x0g > ¹(x0):
Thus,
PL
0
¡(x0) = lim
h!0+(Posf» · x0g ¡ Posf» · x0 ¡ hg)=h = 0: (11)
On the other hand, if supx·x0 ¹(x) = ¹(x0), the argument breaks down into the following two
cases.
Case 1: There is ´ > 0 such that Posf» · x0 ¡ ´g = ¹(x0). In this case, we can easily get
PL
0
¡(x0) = 0: (12)
Case 2: supt·x ¹(t) < ¹(x0) for any x < x0. In this case, by the assumption, there is ±0 such
that ¹(x) is nondecreasing on (x0 ¡ ±0;x0]. Since Posf» · x0 ¡ ±0g < ¹(x0) and ¹(x) is continuous
at x0, there exists ±¤ 2 (0;±0) such that Posf» · x0 ¡ ±0g < ¹(x0 ¡ ±¤).
Thus, we obtain
Posf» · x0 ¡ ±g = Posf» · x0 ¡ ±0g _ Posfx0 ¡ ±0 < » · x0 ¡ ±g = ¹(x0 ¡ ±)
for all ± 2 (0;±¤). Therefore
PL
0
¡(x0) = lim
h!0+(Posf» · x0g ¡ Posf» · x0 ¡ hg)=h
= lim
h!0+(¹(x0) ¡ ¹(x0 ¡ h))=h = ¹0
¡(x0):
The desired result follows from Eqs. (11), (12) and (13), which completes the proof of the theorem.
Similarly, for the di®erentiation of Posf» ¸ xg, we have the following propositions.
Proposition 4.3 Suppose ¹(x) is continuous at x0 and there is ±0 > 0 such that ¹(x) is monotone
on (x0;x0 + ±0). If ¹0
+(x0) exists, then PU
0
+(x0) also exists, and
PU
0
+(x0) =
(
¹0
+(x0); if supt¸x ¹(t) < ¹(x0) for any x > x0
0; otherwise.
Proposition 4.4 Suppose ¹(x) is continuous at x0 and there is ±0 > 0 such that ¹(x) is monotone
on (x0 ¡ ±0;x0). If ¹0
¡(x0) exists, then PU
0
¡(x0) also exists, and
PU
0
¡(x0) =
(
¹0
¡(x0); if supx¸x0 ¹(x) = ¹(x0) and ¹0
¡(x0) < 0
0; otherwise.
A real-valued function f(x) is said to be piecewise monotone on < if and only if for any x 2 <,
there is ±x such that f(x) is monotone on (x ¡ ±x;x) and (x;x + ±x), respectively. Assuming the
fuzzy variables with piecewise monotone possibility distributions, we have the following theorem.
Theorem 4.2 Assume that » is a continuous fuzzy variable with the possibility distribution ¹ and
the credibility function ©L. If ¹ is piecewise monotone on <, both the right and left derivatives of ¹
exist (possibly in¯nite) e.c., and limx!¡1 ¹(x) = 0, then ©L is absolutely continuous, and
©L(x) =
Z x
¡1
©0
L(t)dt
for any x 2 <.Journal of Uncertain Systems, Vol.1, No.3, pp.185-200, 2007 199
Proof. On the one hand, by the assumptions and Propositions 4.1 and 4.2, we can deduce both
PL
0
+(x) and PL
0
¡(x) exist e.c.. Since the set of all points, that PL
0
+(x) and PL
0
¡(x) exist but not
equal is at most countable. That is the derivative of Posf» · xg, P0
L(x), exists e.c..
On the other hand, by Propositions 4.3, 4.4 and the assumptions, we know that P0
U(x) exists
e.c..
By Propositions 4.1 and 4.2, if P0
L(x) exists, it equals to ¹0(x) or zero; and by Propositions 4.3
and 4.4, we know that if P0
U(x) exists, it equals to ¹0(x) or zero as well. Moreover, we know if
¹0(x) 6= 0, it follows from Proposition 4.1 and 4.3 that the following equalities
P0
L(x) = ¹0(x) = P0
U(x) (13)
do not hold, which implies P0
L(x) ¡ P0
U(x) always exists. Since ¹(x) is continuous on <, we have
Posf» ¸ xg = Posf» > xg for any x 2 <. It follows from
©L(x) =
1
2
(1 + Posf» · xg ¡ Posf» > xg)
=
1
2
(1 + Posf» · xg ¡ Posf» ¸ xg)
that ©0
L(x) = (P0
L(x) ¡ P0
U(x))=2 exists e.c..
By limx!¡1 ¹(x) = 0, we can easily check that limx!¡1 ©L(x) = 0. Thus, by Theorem 4.1, we
have
©L(x) =
Z x
¡1
©0
L(t)dt
for any x 2 <. The proof of the theorem is complete.
By Theorem 4.2, it is easy to check the following corollary is valid .
Corollary 4.1 Let » be a continuous fuzzy variable with the possibility distribution ¹ and the cred-
ibility function ©L. If ¹ is piecewise monotone and di®erentiable e.c.on <, and limx!¡1 ¹(x) = 0,
then for any x 2 <,
©L(x) =
Z x
¡1
©0
L(t)dt:
Remark 4.1 Under the conditions of Theorems 4.1 and 4.2, we have ©U = 1 ¡ ©L: Therefore, if
©L is absolutely continuous and
©L(x) =
Z x
¡1
©0
L(t)dt;
then ©U is also absolutely continuous and
©U(x) =
Z 1
x
©0
L(t)dt:
5 Conclusions
In this paper, we discussed some new analytical properties of the credibility functions and obtained
the following major new results:
(i) The su±cient and necessary condition for the right (resp., left) continuity of the credibility
function ©L (resp., ©U) was established.
(ii) The su±cient condition for the left (resp., right) continuity and continuity of the credibility
function ©L (resp., ©U) was given.
(iii) The su±cient conditions for the absolute continuity of the credibility functions were obtained.200 S. Wang et al.: On the Continuity and Absolute Continuity of Credibility Functions
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